Functional Attribution

Kun Joo Michael Ang
May 14, 2020

Abstract

We develop a framework for attributing the change of a multivariate
function’s value to changes in the input arguments. Starting with a few
desirable basic properties, we discover a few interesting theoretical results
and establish links to common discrete allocation algorithms. The pa-
per establishes various algorithms for implementing functional attribution
under different schemes. It introduces Functional Coordinate Descent, a
function-space analog of the Coordinate Descent algorithm.

Keywords— functional attribution, functional coordinate descent, allocation prob-
lems, surface fitting, linear programming, linear analysis

1 Introduction

We consider C! functions of the form flx1,x2,...,xN) : Hf\il[ai,bi] = O — R and
points x,x" € Q for N > 2. In line with various applications in data science and
finance, it is often desirable to attribute changes in f to changes in each x; component.
Mathematically, we seek a linear decomposition

N
FO) = F) = Y i(f,x %) (1)
i=1
and we call ¥(f, —, —) a functional attribution of f. We now introduce two basic

properties that are desirable in attributions: null-consistency and completeness.

If o = 3, = ;(f,x',x) = 0, then we say that the attribution ¢ is null-consistent
with respect to f. 1 is null-consistent if it is null-consistent with respect to all
f € C*(Q). If in Equation 1 we have strict equality, we say that ¢ is complete with
respect to f and similarly, 1 is complete if it is complete with respect to all f € C*(€).

Unfortunately, null-consistency and completeness are often insufficient in practice.
Without imposing additional constraints, we can also see that the existence of one
null-consistent and complete method implies the existence of infinitely many such
methods and we lack a canonical method of deciding between them.



Let 1 be a null-consistent and complete decomposition. Pick (x’,x) any two points
that differ in two or more coordinates. i.e. zj # z;, = # x;. Then

Vi(f,x,x)+1 ifk=iz2 =2 2==x
on(f,2,z) = W (f,x,x) =1 ifk=j2 =a' 2=z
Vi(f, 2, 2) otherwise

creates another decomposition ¢ that is also null-consistent and complete.

2 Scale-Invariance

Let g : (z1,22,....,2n8) — (g1(21),92(x2),...,gn(zN)) be a transformation of the
coordinate axes in which each g; is a univariate, continuous and strictly increasing
mapping onto some co-domain in R. Define f as the action of f in the transformed
coordinates, i.e. f(g(x'),g(x)) = f(x',x). Then we can say that the attribution ) is
scale-invariant with respect to f if Vi,x’,x, we have ¢;(f,x',x) = ¥i(f, g(x'), 9(x)).
¢ is scale-invariant if it is scale-invariant with respect to all f € C*(fQ).

2.1 Stepwise Allocations

A common functional attribution method involves taking discrete steps from x to x’
in only the coordinates where they differ. This stepwise method is null-consistent,
complete and scale-invariant and its precise statement is as follows.

For any pair of points (x’,x), let S = {Sl, Sa, .., Sp | x5, # Xsi} be the set of indices
where their coordinate values differ, and the S; are arranged in some pre-specified
order. Starting from x* = x, we change the Si-coordinate value to match x’, then
assign the marginal change in f as the Si-attribution. We repeat this process until
x* = x’ and arrive at the following attribution

, f(x+ > (@, —xsn)) —f<x+ > (@, —xsn)) ifk=25;
¢k(x 7X) = n<i n<i
0 ifk¢S

It is easy to check that the stepwise allocation is, in general, dependent on the order-
ing of indices S; (e.g. f(z,y) = zy, x = (0,0), x" = (1,1)). But if the ordering is
fixed or chosen in some coordinate-free manner, then the resulting allocation will be
scale-invariant. Null-consistency and completeness are clear by construction.

In lieu of having to specify a natural ordering of the coordinate axes, one could instead
ask when the stepwise allocation scheme generates functional attributions (f, —, —)
that are independent of the coordinate ordering. This concept is closely related to the
idea of ‘path-invariance’ that we will explore Section 4. In fact, one can also use the
proof in Section 4 to show that the linear form f(x) = -~ | f;(x;) is both a neces-
sary and sufficient condition for the stepwise allocation to be order-independent for
all (x',x) pairs.

The Shapley Allocation is a path-agnostic approach that first generates all possible
permutations of indices in S, performs the functional attribution for each permutation,



then computes each coordinate’s attribution as its average across all permutations. An
even faster approach is the Greedy Allocation, which uses only one permutation, but
selects the S; iteratively to minimize difference in function value. In the event of a tie
between coordinates in the Greedy Algorithm, coordinates can either be chosen ran-
domly, or taken to be the one which allows the minimum absolute function difference
in the following step. Because the Greedy Algorithm relies only on the difference in
function values and not the coordinate axes units, the algorithm is also scale-invariant.

Algorithm 1 Shapley Allocation
Require: x’ # x
S =A{Si|xs, #xs,}, k=9
for 0 € Sym(k) do

wgi(a)zf(x—i— > (m’sn—xsn))—f(x-i- (Z (Jc’sn—l‘sn))

o(n)<o(i) o(n)<o(t)

end for
sy L Wilo) ifjeS

0 otherwise

return ¢; =

Algorithm 2 Greedy Allocation
Require: x’' # x

S ={ilx; # xi}

;=0 ifi¢ S

X" =x

while S # () do
k = argmin | f(x* + (2}, — x3) ) — f(x7)

keS
by = F(x" 4 (2 — i) ) — F(x")
S = S\{k}
X" =x"+ (2}, — )
end while
return v

3 Transitivity

We say an attribution v is transitive with respect to a function f if, for all coordi-
nates i and triplets (x,x’,x"), we have ¥;(f,x,x") = ¥ (f,x,x") + ¥: (f,x',x"). 1 is
transitive if it is transitive with respect to all f € C*(Q).

One important observation that will be useful in Section 4 is that transitivity and
null-consistency are unrelated properties. To better demonstrate that fact, consider
the following example.



Let Q = [0,1]? and f((x1,22)) = 21+x2. Define o;(f,x,x') = xf —x; fori = {1,2} asa
functional attribution v of f. It is easy to verify that v is null-consistent and transitive
with respect to f. Now define the regions A = [0,0.5] x [0,1] and B = (0.5,1] x [0,1]
and the following functional attributions.

[\V]

7= 1, X = (070)7 x = (171)
oi(f,x,x') =40 i=2, x=(0,0), x' = (1,1)
¥i(f,x,x') otherwise

wl(.ﬁ X, X/) + 1{1’:1} - ]l{i:g} X € AA7 x' € B
0:(f,%,x") = S hi(f,%x,x') = Lyimay + Lymoy x€B, X' €A
Yi(f,x,x") otherwise

It can be verified that with respect to f, ¢ is null-consistent but not transitive and 6 is
transitive but not null-consistent. As a side remark, all three attributions are complete
with respect to f and if we define the component attribution as the component-wise
contributions to f((x1,x2)) = x1 + 2, then it is possible to define 1, ¢, 0 in a way that
they are also scale-invariant with respect to f.

4 Line Integrals and Path-Invariance

Notice that in all the properties discussed thus far, all definitions still hold even for
f ¢ CH(Q). In this section, we will explore how the differentiability of f induces a
natural functional attribution via a line integral.

Start by defining C(x,x’) as a function that returns a continuous path from x — x’.
Examples include a straight line in RY, or an ordered linear combination of the N
basis lines. Since f € C(Q), we can express the differential df = Y, 2L 4z, and

integrate both sides to get '

N

1) -100=3 [ Plan

i=1 7 C(xx") O

which we notice forms a linear decomposition into N components. Therefore, by spec-
ifying C', a method of connecting points in the domain, this induces the attribution
%% (=, =, —). We refer to this attribution as the natural decomposition of f with
respect to a path function C. The stepwise allocation above is one such example.

We will now investigate some properties of . Completeness is easy to check. To
show how null-consistency and transitivity are not guaranteed, consider the following
scenario in Figure 1 where f(z,y) = zy, Q = [0,1]?, x = (0,0) and x’ = (1,1). Let
C(x,x') = A, C(x',x) = B and C(x,x) = {x}. The path x — x’ — x shows
that ¢ is not transitive. If we instead define C'(x,x) = A + B, then wcl is not
null-consistent. This example also shows how the sensitive the functional attributions
the way C' is specified. Using the same domainan and function, define C(x,x’) to
be the straight line connecting x to x’, independent of f. In the example above this
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Figure 1: Paths from (0,0) to (1,1)

corresponds to path P. Now apply a non-linear transformation g(x) = % and let C be
the new straight-line path. The attributions are now
af of 0%; dis of

d~i - o i = —d [
é 85)1 v & 8331 8431 v c 8-Tz v

which correspond to the original integral along a different path. In the example

above, g((z,y)) = (v/=,y) and the new path corresponds to Q. We can verify that
PO (f,x,x') = % and ¢ (f,g(x),g(x')) = % is n0t~scale-invariant under the original
definition of C. This can be fixed by having C(f) detect coordinate deformations
relative to f and choosing the path that maps to P in the reference basis. But this is
undesirable as it requires selecting a canonical basis, and in practice there might not

be a strong reason to prefer one over another.

There are two solutions to restoring scale-invariance. One method is to restrict C' to
paths that are piecewise combinations of the N basis lines. These straight line paths
map to the same straight line paths under any reparameterization because the coor-
dinate axis transforms are univariate. Alternatively, we could restrict f to functions
where the attribution integrals are path-independent. More precisely, Vi, C(—, —),
fc g—gfidxi = F(x,x’). When this is true, we say that the natural decomposition of
f is path-invariant. Note that path-invariance is a stronger condition than scale-
invariance, since the path deformations are not restricted to continuous, strictly in-
creasing rescalings of the coordinate axes, but over all path deformations with the
same start and end points.

It turns out that if f can be written as f(x) = vazl fi(z;) for some fi € Cas, bil,
this is both a necessary and sufficient condition for the natural decomposition to be
path invariant. Sufficiency is easy to check as each coordinate’s attribution becomes
fi(x}) — fi(z:). To show necessity, we prove the contrapositive.

Suppose f cannot be written in the form f(x) = Ef\’: 1 fi(x:i). Recall the differen-



tial form df = Zf;l %dmi which holds for any path integral since f € Cl(Q). Then
at least one of the partial derivatives % must have dependence on other coordinates
Xjy ..y L5, where © ¢ {j1,...,jr}, otherwise integrating both sides of the differential
leads to a contradiction. There therefore must exist points x # x’ such that z; = z}
but g—gfi(x) %(x'). Without loss of generality, let %(x’) > ngi(X) and consider
the following paths in Figure 2. A :x — (x +¢ex;), B : (x +ez;) — (X' + ex),
B :x — x'and A" : X’ — (x’ +ex;). Along paths A and A’, we change only the
x; components by increasing them monotonically, and along paths B and B’, we do
not change the z; components. Then the functional attribution of f(x' +ex;) — f(x)
in the x; component is represented by the path integrals along A and A’ in the two
paths. Since f; € C', 2L(x') > 2L(x) means that for ¢ > 0 sufficiently small,
I %dmi > [, g—fidmi and by comparing ¢ along paths A+ B and B’ + A’, we have
that the natural decomposition of f is not path-invariant.

X+dXi B X'+dXi
L
A A
X X

Figure 2: Paths from X to X’ +dX;

Lemma 1. The following are equivalent:

1. The natural decomposition of f is path-invariant.
N

2. There exists a decomposition of the form f(x) = > fi(z:)
=1

3. YO (f, —, =) is null-consistent with respect to f for all C € ©
4. YO (f,—, =) is transitive with respect to f for all C € ©

where © := {M(x,x') : [0,1] = Q| M(0) = x, M(1) = x', M; € C°la;,b;]} is the set
of path functions that connect any (x,x’) pair via a continuous path.

Proof. (1) <= (2): Shown above.

(2) <= (3): “= " is clear. “<=" is shown by following the above construction
and considering the path C(x,x’) = A+ B — A" and checking that 1 (x,x’) < 0.

4) <= (2): “ = 7 is clear. “ <= 7 is shown by following the above con-
struction and considering the paths C(x,x’ +ex;) = A+ B, C(x' + ez, x') = — A,
C(x,x') = B’, and checking that ¥ (x,x’) = 0 # ¢ (x,x" 4+ ex;) + Y (x' + exs, x).

(]



As a final remark, functional forms f(x) = >, fi(x:) are highly desirable because they
induce a natural decomposition for functional attribution without the need to specify
a path function connecting points in 2. We get null-consistency and transitivity from
Lemma 1, completeness by construction and scale-invariance from path-invariance.

5 Surface Fitting

Suppose now that we are seeking a functional attribution but our underlying function
is not of the form f(x) = Zf\;l fi(xz;). One compromise is to somehow approximate
f with the surface f(x) ~ f(x) = %, fi(x;). The functional attribution is induced
by f and the residual e(x) = f(x) — f(x) is treated as surface ‘noise’. This approach
allows our attribution to have all above properties except completeness. We will now
investigate some techniques for computing f by minimizing ||| under various norms.

5.1 Weighted L, Norm - Generalized

Let €; denote the domains for each of the coordinates x;. We define the weighted
inner product

(f,g):/ﬂ /Q F(Xnree o Xn)g(Xns o Xn)w (X, Xn)dX ... dXy

where w : Q@ — Ry is positive, continuous and integrable over the full domain 2.
Minimizing the residual with respect to the weighted norm yields the following opti-
mization:
N
2
L= min — k) wdX 2
f1w~~afN/3"2(f kZ:lf ) ( )
For notational convenience, we suppress the arguments of each function and denote
dX :=dX;...dXy. Furthermore, let {_; denote the integral over all domains excluding
Q;, and dX_; its corresponding differential. The minimization can be written as

min / [/ Riw dXZ} —2f1-[/ Riw dX_; /
fiy 0 fN Q; Q_; Q_; Q

where R; := f — > fr are the fitted residuals excluding f;.

ki
Applying the Euler-Lagrange equation in each X; coordinate means that at any ex-
tremum point Y f7,

+ f7

—1

/ (= 3 fi)wdX .
Q_, k#i

fi(Xi) = ®3)

/ de_l
Q.

—1

Unfortunately, the optimal f;° are implicit solutions to a system of N integral equa-
tions. Depending on the X;-dependence in w, neat closed-form solutions might not
exist. We will see later that if w is separable, i.e. w =[], wi(X;), then these integrals
simplify somewhat. But for general weight functions, the implicit dependence moti-
vates the creation of Algorithm 3, which we call Functional Coordinate Descent(FCD).



A few quick remarks about FCD in the context of our weighted Lo norm: Using a
small change of notation, £ refers to the weighted error defined in Equation 2 as a
function of (f1, fa,..., fn), rather than the scalar minimum itself. In Line 5 of Algo-
rithm 3, the minimum can be directly computed using Equation 3 as

() = [/Q (r-xn —Zf;f_l)wdxz} UQ

k<i k>i
Algorithm 3 Functional Coordinate Descent
Require: Initial f0 fori=1,2,..,N
Functional L : (f1, f2,...., fn) = R
Error tolerance 7
1: s =0, converged = False
2: while - converged do
3 s=s+1
4
5

-1

—i —1i

for i € [1,2,...,N] do
FH(X3) = argmin L(f, s [0, F700 0 FNT)
9(X5)
end for
Ls = ‘C(flsvf257 7f]SV)
if L,_1 — Ls <7 then
converged = True
10:  end if
11: end while
12: return f7 i=1,2,...,N

We will now prove some convergence properties of FCD. In standard Coordinate De-
scent(CD), if L(x) = g(x) + >, h(x:) where g is convex, differentiable and each h;
convex, then CD converges to the true minimizer z*. Not surprisingly, there is an
analagous result in FCD, provided we impose a few additional constraints.

Theorem 1. Let [ = (f1,..s fN) € © denote a set of solution vectors where the
arguments f; : Q; — R are functions and © compact. Let || - ||o be a norm over © and
L: f’% R a positive strictly convex, Gateauz differentiable, continuous functional on
©. Assume Step 5 of the FCD algorithm always returns solution vectors in © provided
fO€©. Then if If* € © such that either

1. 3N €N such that Vs > N, f> = f*
2. f:s — f_:* and L Lipschitz.
then f* is the unique minimizer of L over ©. Here f'; denotes the sequence of iterates

from Step 7 of FCD and f_f denotes the sequence of sub-iterates from Step 5. Each
while loop adds 1 and N terms to each sequence respectively.

Proof. Before we begin the proof, we must state that two solution vectors are defined
to be equal if their inner product (defined by || -||¢) is 0. This does not imply that their
corresponding functions have to be pointwise identical in each of the N indices. For
example, we can take || - || to be the Ly-norms summed over the indices and © as the



space of solution vectors of N square-integrable functions. Then two solution vectors
that differ at only finitely many points in each index will have 0 inner product. In the
proof below, when we refer to a solution vector f: we are referring to the conjugacy
class of solutions which contains fa,nd © as the space of conjugacy classes.

We can now make some statements about £ over ©. Since © is compact and £ contin-
uous and bounded below (by positivity), the Extreme Value Theorem tells us it attains
a minimum over © at some f These compactness and boundedness properties can
be relaxed if we instead directly assume a minimizer exists. f must also be unique by
strict convexity of £, otherwise £(3( fitfa ) < L( fr ), violating the minimality of fr.

1 € O is said to be unidimensional if 37 € {1,2,..., N} s.t. ¢; Z 0 and Vj # ¢, ¥; = 0.
f is said to be a stationary point in © if its Gateaux derivative
£(F 4 s0) — £(F)
7 ) = iy LT 50 = 21T

s—0

is 0 for all unidimensional 1. Clearly, f * must be a stationary point.

Additionally, f * is the only _stationary point in _’@. Suppose otherwise, that g is also
stationary and define ¢ = (f* — g) and A = L(f) — £(g) < 0. By convexity,

Ve € (0,1) L(G+ed) < L(F) +eA

Now consider and L£(§ + £¢) in the limit as ¢ — 0 and we get d(g, ¢) = —J for some
§ < 0. This means we must have £(§ — e¢) = L(g) + &8 + o(¢). Now let ¢ = SV | ¢
be the unique unidimensional decomposition of ¢. Then

L(§—eN¢i)

2\
M=

N
G+ep=~ Z —eNg:) L(G—e¢) <

=1

I
=
M=

L(g) + o(eN)

(9) + o(e)

where we first use convexity of £ and then the stationarity of §. But this is a contra-
diction, since £(§ — e¢) — L(F) = &d + o(e).

l\

Our goal now is to show that the FCD algorithm converges to this unique station-
ary point. Since the N sub-iterates in Steps 4-6 of the algorithm are decreasing in
value, £; must also form a positive, decreasing sequence. We now assert that if at
some s we have Ls_1 = L, then fk = qufl for all £ > s. First label the sub-iterates as
FER) = (ff, oo [, fists oo f 1), where f5(0) = f*~' and f*(N) = f*. If L1 = L,
then £(f*(k)) must also be constant in k. If f*~1 % f°, then there exists some small-
est index i where f°(i) # f*(i — 1). But since all f*(k) € © and £ strictly convex by
assumption, the solution f* = %[fs(z) + (i — 1)] must have L(f) < L(f*(i — 1)).
But since er differs from fs(z — 1) in only the " functional, this contradicts the
minimality of Step 5. Therefore, sz = fs. It is easy to see that fs is stationary,
fk = fs*l for all k£ > s and we have converged to the unique minimizer.



If instead Ls is strictly decreasing, apply the assumption that f:s — f_‘+ for some
cluster point f+ € ©. We will now show that this cluster point is stationary and
therefore minimal. Suppose otherwise, then there exists some scalar k, coordinate
¢ and unidimensional v; such that £(f_‘Jr + ki) < [,(f#). Let K be the Lipschitz

constant of £. Then by picking ¢ = , and applying the Lipschtiz In-

equality, 3 N such that Vs > N, |£(ﬁs)—ﬁ(f+)| < w But applying the
same Lipschtiz inequality also yields [£(f? + kib;) — E(f+ + k)| < w
and we have Lﬁ(ﬁ + ki) < C(f:-s), which directly contradicts Step 5 of the FCD algo-

rithm.

If the coordinate axes are orthogonal, which is to say that for any f = (f1, f2, ..., fn),
Iflle = ijﬁ ll¥klle where ¢; = (0,...,0, f;,0,...,0), then convergence of the sub-
iterates f;-s — f * can be replaced by convergence of the iterates fs — f . O

Let’s apply the FCD algorithm with £ as the weighted L2 error defined in Equation 2.
Pick © to be the space of solution vectors that are Ly integrable in each coordinate and
I(f1, - fN)le = 20, | fillL2. We can check that £ is indeed positive, strictly convex,
Gateaux-differentiable and continuous. It is also easy to intuit from the continuity of
£ and the observation that £(f) — oo as ||f]le — oo that a minimizer f* exists. If
f is Lo-integrable over € and f? Lo-integrable in each coordinate i, then V's,4, the
sub-iterates f;(X;) will also be integrable. These conditions allow us to apply the
results of Theorem 1.

5.2 Weighted L, Norm- Separable

If the weighting function is separable, w(X1, Xa,..., Xn) = [], wi(X;), then the f;
can instead be computed explicitly. Starting with Equation 3,

| G- $ fiJwdx
frx) = M

/ de_,
Q

/g_if“’d;fi w ZfE(st) X,

B Q_; ki s#i
wdX i . / wsdxs}
L. 1|,
fw dX,l
_00 i

/ de—z
Q

—i

where in the second line we observe that the second term is independent of X, and
replace it with a scalar A\;. This is well-defined, as positivity in w guarantees that w;
and st wsd X are non-zero. The solutions f;(X;) can be interpreted as the weighted
average of f(—, X;, —) over the other coordinate axes.

For the purpose of functional attribution, it is sufficient to solve f; as above with

10



i = 0. To recover the optimal fit, we can write f = >, ff + X and recover

A
A= [ (F = X, £ )wax || [ wax] o

5.3 Other Norms

Denoting the surface residual F = f — 3. f;, we might wish to penalize not just its
absolute error, but also its derivative. This introduces the weighted H'-norm

(g)i)Q + ...+ (;}i)z] wa(X) dX

where we allow w1 # wz. Once again, we rewrite the integral.

min /
f1 Q

A(X) f2 - 2B(Xs, Ri) fi + C(Xi)( ofi )2 apx) } i

0X; 0X;
A:/ w1 dX,i BI/ wlRidX,i
Q; Q;
C:/ w2 dei D:/ w2 8f dX—i

Because the integrand now involves the first derivative, we must be more careful with
our boundary conditions. Let’s impose that A, B, C, D all have continuous partial X;-
derivatives and that all the first-order partial derivatives in every coordinate vanish at
the boundaries. Then an application of the Euler-Lagrange equation yields

Aff =B(R})=Cjfr +Cfr - D (4)

where a dot denotes the derivative with respect to X;. Much like in Section 5.1, solu-
tions to Equation 4 have implicit dependence on R;. furthermore, there are no general
methods for solving second-order linear ODEs with variable coefficients, although it
can be proved that a unique solution exists if we impose vanishing first derivatives
at the boundaries. Numerical schemes for approximate solutions exist and one such
example can be found in [2]. These schemes allows us to use the FCD algorithm where
in Step 5 we apply the numerical solution to Equation 4. This guarantees an itera-
tive reduction of the weighted H?' error, and if instead of Lo integrability we enforce
H'-integrability in each coordinate function, we can once again apply Theorem 1 to
recover convergence.

Unfortunately, the surface fitting technique using the weighted Lo or H' norm is

scale-dependent. For example, if we were to rescale X1 — In X; in the Ly norm, the
optimization becomes

.....

N
_ . _ Z 2 —1
£ B flmH}N \/(;(f k=1 fk) le dX

In general, any reparameterization will introduce the determinant of the Jacobian into
the integrand. One solution is to minimize the residuals under the Lo, norm,

f1.-fN xX€Q

L= min sup‘[f(X)—ifk(Xk)}w(X)‘
k=1

and both the fitted surface > f;; and the residual £ are scale-invariant.

11



5.4 Implementation

In practice, FCD is difficult to implement in its analytic form and we instead choose to
discretize the problem. For each coordinate’s domain €2;, pick a set of basis functions
oE, -~~»1/Jain,- associated with a finite mesh 2} < 2} < ... < a:;l We then construct f;* as
a linear combination of these basis functions. This is especially useful in the L norm,
where the coefficients can be recovered as the solution to a system of linear equations.

For example, we might choose to construct each f; as a cubic spline within the knots
o <ah <. < x’m and 0 outside the boundary. The free variables in our optimization
are therefore y¢, ..., yih and dt, ..., di”, the values and derivatives of the spline at the
knots. Between two consecutive nodes x,, xp, this corresponds to four basis functions.

z—2q \* r—x 2
i”':z(ia) f3(7“) +1
Tp — Tq Ty — Ta
z—2q \* Tr—x 2 r—x
wia:<7a) ,2(7&) +(7ﬂ)
Ty — Ta Tp — Lq Ty — Ta
3 2
BP0 WY k73
- Tp — Tq Tp — Ta

z—x,\° z—x4 \°
dy — Ya _ — da
w7 (mb—l‘a) (xb_ma>
These basis functions are 0 for © ¢ [zq, 2] and each function sets exactly one of
the variables yq,Ys,da,d» to 1 and the others to 0. For general £ we perform the

optimization in Step 5 of the FCD algorithm over this set of bases. However, under
the weighted L2 norm, we can go a step further.

H}in/n<§fk> w—2f(;fk>de
N ng 2 N ng
:min/ (Zz[yl:wi“m’;wﬂ) wﬂf(Z [yiiwi“+d’;wi“Dde
2

k gk
varda JQ \ 5 ooy k=1a=1
. k pl k
=min E 0 By Aapriab — 2 E g Foka

“a a,B,k,l,a,b a,k,a

where

ak l ak:
Aapiias :E/ Ve wdX  and  Faga :Z/ Py fwdX
p,q Q r Q

and o, 8 € {y,d}, k,l € {1,..,N}, a € {1,...,ir}, b € {1,...,41}. The signs p,q €
{+, —} except at the boundary points, where p =+ if a = 1 and p = — if a = ;. The
optimal coefficients a® can then be recovered implicitly as the solution to the following
linear system.

Z Aapriab oy = Fauy

a,k,a

If each of the N dimensions has M nodes, we can reparameterize F — R2M¥ a single

vector and A — R2MNXZMN 5 dense matrix with 2M (N — 1) + 6 diagonal entries.
Inverting this matrix is computationally difficult.
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But if the weighting function in the L2 norm is separable, then using a piecewise-
constant basis in each dimension, we can recover explicit solutions as in the continu-
ous case. Although this introduces discontinuities in the fitted surface, the piecewise-
constant solution converges to the continuous version in the limit as the meshes become
finer. For each dimension ¢ and mesh 2 < 2! < ... < mim define the basis functions
¢t = 1{X; € (zi_,,x%)}. As before, we seek solutions AF to the system of linear
equations

l
E Apiij Nj = Fri
L,
where

Apij = / o¥ptwdX  and  Fi = / & fwdX
Q Q
Applying separability of w = wiwaz...wn, define

B Ja. dFw; dX;

W = dX d k
/ﬂ w an i fQ w, dX,

then
Fu = S Wakn X+ 300 [ obetwax
N - Q
ll;kjk J
= > Wnini A + WafA;
®

12k

=W D m A+ |
zl;fk
=W (" +aF) nt
where in the second line we use orthogonality of ¢¥, qﬁ? for ¢ # j and the fourth line we

replace the sum with a constant dependent only on dimension. The explicit solution
is therefore

where )\i-C = V[f;l:;f

fwdX + > AR
/ >

ki

2 1

= E Aegk 4 —

! 2 i Pi + W

by once again setting ¢® = 0 for all k and solving for the final shift.

If we want to implement the Lo, norm minimization numerically, we need to com-
press the N-dimensional mesh z7, ..., z;, for i = 1,..., N into a single vector of length
M = vazl n;. The basis functions %(x) := 1(y,—si} are also represented in this
M-dimensional vector as basis elements (1, ..., Bk where K =Y. n;. The linear pro-
gramming problem can then be written as follows:

i —A —A —..—A
H}A}nie{r{{?f(M} f 151 232 KﬂKi
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or using the conventional notation,

Minimize A subject to ~ ATB+Ae> f
ATB—Xe< f

where e denotes the vector of ones. This problem has a dual which can be written in
the form

Maximize f7 (7" 4+ «”') subject to A +7")=0
T/ 1 "
e (m—n")=1

>0, 7" <0

which can be solved using the traditional simplex method. Further details on this
technique can be found in [1].

6 Final Remarks

Functional attribution is an interesting sub-field of mathematics that combines various
ideas in Group Theory, Linear Analysis and Numerical Analysis. Although we have
laid the groundwork and discovered some preliminary results, there are still plenty of
interesting extensions to investigate.

On the theoretical side, there are several open questions. If we relax the f € C*
condition to C°, what additional constraints do we need so that we can still recover
meaningful results? Can we relax some conditions in the FCD algorithm and still
guarantee convergence? Are there other natural ways to define an attribution?

More practical examples include data-driven problems such as portfolio performance
attribution in finance, where we lack explicit knowledge of the underlying function f.
With only observations (x1, f(x1)), ..., (Xs, f(Xs)), we need to determine a suitable
method to infer f from the data before we can apply functional attribution. A simple
fitted model that allows us to do both simultaneously is

160 = 37 S + ¢

where the € are i.i.d. errors. This motivates the development of a more rigorous statis-
tical framework that allows for non-parametric estimates of f;, heteroskedastic errors,
asymptotic results for convergence, etc.

If there is some Markovian structure governing the evolution of x, such as a diffusion
process, then we can relax the path invariance requirement. The functional attribution
can be computed by integrating along the path corresponding to the geodesic between
two points, or as an average over all connecting paths weighted by their likelihoods.
Under such a structure, transitivity is no longer as desirable. There is room to discover
meaningful properties and useful results in this space.
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